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This paper discusses design methods of solar sail transfer trajectories in Hill’s restricted three-body problem.

Based on the premise that the sail attitude is kept fixedwith respect to the sunlight, the concepts of the general energy

constant and solar sail invariant manifolds are proposed. The invariant manifolds are used to design transfer

trajectories fromEarth orbits to equilibrium points and trajectories between equilibrium points. Firstly, the general

energy constant is employed to evaluate the energy requirement analytically for transfer trajectories from Earth

orbits to equilibrium points. It is compared with a direct transfer using a rocket propellant as power source, and

eventually the conclusion is reached that a velocity increment of hundreds of meters per second could be saved. For

no-impulse transfer trajectories, active control and passive flying stage are incorporated to achieve transfer

trajectories. The design problem is converted into a parameter optimization problem, and different objective

functions are optimized for comparisons and analysis. The results of comparisons show that the total transfer time is

insensitive to different objective functions. Finally, using the symmetry of the dynamical system, the invariant

manifolds are patched to develop symmetrical transfer trajectories between symmetrical equilibrium points.

Simulations are given for each case to validate the design method.

Nomenclature

a�ax; ay; az� = solar radiation pressure acceleration
a0 = dimensionless characteristic acceleration
f = phase angle describing the spacecraft on a

geocentric circular orbit
H = orbit altitude of a geocentric orbit
J = energy constant for a typical spacecraft
~J = integration constant of a solar sail
n = unit vector of sail normal direction
RE = radius of the Earth
r = solar sail position vector
ta = escape time
tc = active control time
tu = flying time on an unstable manifold
ts = flying time on a stable manifold
V = solar sail velocity vector
Vn = velocity in the Earth orbit at matching point
vs = local stable manifold
vu = local unstable manifold
Y = optimization parameters vector
� = cone angle of the sail attitude
�s = cone angle of the sail on a stable manifold
�u = cone angle of the sail on an unstable manifold
� = clock angle of the sail attitude
� = Lagrange multiplier
�E = gravitational parameter of the Earth
� = state constraints at the matching point
!E = angular velocity of the Earth around the sun

I. Introduction

S OLAR sail is a novel method for space voyaging benefited by
propellantless propulsion. Using a solar sail for trajectory

transfer is one of the most promising applications in the future. The

first modern reference made a detailed investigation of heliocentric
spiral trajectories [1]. Other early articles discussed transfers
between different heliocentric orbits [2–5]. In recent years, studies of
time-optimal trajectories have been performed by a number of
authors using both indirect calculus of variations and direct gradient
methods, in which the time history of the sail orientation is
discretized into segments [6–10]. The sail has to escape from the
Earth before it enters a heliocentric orbit. Many reports have
discussed the optimal escape trajectories from different Earth orbits
[11–14], because Green investigated the escape strategy from a high-
altitude Earth orbit in 1977 [15]. Apart from being considered as an
ideal space transportation device for some applications, solar sail
propulsion has long been considered as a means of enabling special
missions. A restricted three-body analysis shows that large sets of
new artificial equilibria exist [16]. In the Geostorm mission, a sail
working at the sub-L1 artificial Lagrange point is used to advance the
warning of geostorms [17,18]. The investigation of the existence and
stability of artificial Lagrange points in classical celestial mechanics
has been pursued [19]. The dynamics and control of solar sails at
artificial Lagrange points are investigated in [20–22]. McInnes
proposed a passive control strategy when discussing the control of
solar sails on displaced solar orbits, where the sail attitude is kept
fixed with respect to the sunlight [23]. This is referred to as passive
control, because it can be realized by designing the configuration of
the sail, where a four-triangle sail configuration is adopted to make
the sail stable on the displaced solar orbits [24]. It was demonstrated
by Kirpichnikov that passive stability and flight-path control can be
achieved in two-dimensional trajectories by using a sail geometry
consisting of two rectangular reflecting surfaces connected at an
angle along one edgewith the apex pointing toward the sun [25]. The
passive flying designs of three-dimensional trajectories inward,
toward the sun, and outward are reported in [26,27], where the results
indicate that the passive control method using multiple sail surfaces
is a promising approach in the search for the best design of pro-
pellantless spaceflight systems. In addition, the invariant manifolds
exist in the neighborhood of artificial Lagrange points and the center
manifolds are used to generate periodic orbits around the points
in [28].

In this study,basedon thepremise that the solar sail canbepassively
stable, which means that the attitude angles of the sail are kept fixed
with respect to the sunlight, the stable and unstable manifolds of
artificial Lagrange points were employed to design transfer
trajectories. Both the transfer trajectories from Earth orbits to
equilibrium points and transfer trajectories between equilibrium
points were investigated. Three kinds of Earth orbits to equilibrium
points transfer trajectories and three kinds of equilibrium to
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equilibrium transfer trajectories are designed. Some transfer
trajectories include active control stages and the others include only
passive stages. The direct method is used to optimize different
objective functions. Comparisons of these results show that the total
transfer time is insensitive to objective functions. The transfer
trajectory taking the active control time as objective function is the
shortest in terms of active control time among all cases. For transfer
trajectories between equilibrium points, the symmetry of the
dynamical systemwasusedtodesignsymmetrical transfer trajectories
between symmetrical equilibrium points. Similarly, the optimization
method is also used to solve design problems. Numerical simulations
are given to validate the design methods for each case.

II. Hill’s Restricted Three-Body Problem

If the motion of the spacecraft is restricted in the vicinity of the
Earth, the Hill’s restricted three-body problem (Hill’s R3BP) can be
derived as an approximation of the circular restricted three-body
problem.As shown in Fig. 1, the origin is at Earth’smass center; the x
axis is along the sun–Earth line; the z axis is along the direction of the
angular velocity of the Earth around the sun; and the y axis forms the
right-handed triad with the x and z axes. For Hill’s R3BP, the solar
radiation pressure can be regarded as constant and the sunlight
direction is assumed to be along the x axis. The resulting equations of
motion can be written as

8<
:
�x � 2!E _y� 3!2

Ex � �Ex

r3
� ax

�y� 2!E _x�� �Ey

r3
� ay

�z�� �Ez

r3
� !2

Ez� az
(1)

where r�
��������������������������
x2 � y2 � z2

p
.

A constant sunlight direction and constant characteristic
acceleration are assumed here. The model error of solar radiation
pressure accelerationmagnitude decreaseswith the distance from the
sail to the Earth. Because only the artificial Lagrange points in the
vicinity of the Earth are investigated, the acceleration magnitude
variation is always less than 0.01%.

The form of the Hill equations of motion allows for the
nondimensionalization of the model and elimination of all free

parameters. More precisely, by taking l�
�
�E
!2
E

�
1=3

as the unit length

and � � 1
!E

as the unit time, the equations of motion can be

transformed into the following dimensionless equations:

8<
:

�x � 2_y� 3x � x
r3
� ax

�y� 2_x�� y
r3
� ay

�z�� z
r3
� z� az

(2)

An ideal flat solar sail model is assumed here. The orientation of the
solar sail thrust vector is often described in terms of the cone and
clock angles. These two angles are the typical trajectory control
inputs used in solar sail trajectory optimization. As illustrated in
Fig. 2, the orientation of a unit vector normal to the sail plane n is
described in terms of the cone angle � and the clock angle � as
follows: 8<

:
ax � a0cos3�
ay � a0cos2� sin� cos �
az � a0cos2� sin� sin �

(3)

The relations between the dimensionless units and units in brackets
are presented in Table 1.

For a spacecraft of a negligible area-to-mass ratio (a typical
spacecraft), two Lagrange points, L1 and L2, exist for Eq. (2). They
are located at ��1=3�1=3 in dimensionless coordinates. The solar
sail can be equilibrated at other points, depending on the charac-
teristic acceleration and attitude of the solar sail. Letting U�
1
2
�z2 � 3x2� � 1

r
, a� a0cos2�n, the stationary solutions in the

rotating frame will be generated if the following condition is
satisfied:

a �rU (4)

The vector a should be oriented in the direction of rU, so that the
required sail orientation is given by

n � rUjrUj (5)

The required characteristic acceleration can be obtained as

a0 �
jrUj
cos2�

(6)

The region of space in the rotating frame in which stationary
solutions exist is bounded, being defined by the region ax � 0.
Therefore, the area where the stationary solutions exist can be
defined by

S�r� � x

r3
� 3x � 0 (7)

The solution to inequality Eq. (7) can be given by�
x � 0

r � �1
3
�1=3 or

�
x � 0

r � �1
3
�1=3 (8)

The solutions exist inside the right hemisphere and outside the left
hemisphere with a radius of �1=3�1=3. In the xy plane, the solutions
exist within the right hemicircle and outside the left hemicircle, as
shown in Fig. 3. A section of the surfaces of constant characteristic
acceleration a0 is shown in the figure. It can be seen that the level
surfaces around L1 and L2 accessible to the solar sail expand with
increased characteristic acceleration, but always contain the
classical Lagrange point they are associated with, as this
corresponds to the solution ����=2. The conclusion accords
with that obtained in [15].

Sun

Earth

Solar sail

x

z

y

Fig. 1 Schematic geometry of the Hill’s restricted three-body problem.

x

z

θ

α n

y

Fig. 2 Description of sail normal in the rotating frame.

Table 1 Dimensionless units

Length,
km

Velocity,
m=s

Acceleration,
m=s2

Time,
day

Characteristic
acceleration,

mm=s2

2.1584e6 429.7510 8:5565e � 5 58.1310 0.085398
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For a typical spacecraft, the energy constant exists in Hill’s
restricted three-body problem:

J� 1

2
� _x2 � _y2 � _z2� �U (9)

For a solar sail of constant pitch and clock angles, a new integral
constant exists instead of the energy constant. The integral constant
can be written as

~J� 1

2
� _x2 � _y2 � _z2� �U � a0cos3�x � a0cos2� sin� cos �y

� a0cos2� sin� sin �z (10)

Constant ~J is named as the general energy of the solar sail. Known
from the definition of the general energy, it depends on both the
position and sail attitude angles. These two integration constants are
used to evaluate the energy required for the transfer from an Earth
orbit to an equilibrium point.

III. Invariant Manifolds

The local invariant manifolds of artificial Lagrange points can be
calculated based on local dynamical characteristics of artificial
Lagrange points. These manifolds can be globalized using a
numerical method [29]. The planar case is considered in this paper. In
the xy plane, the dynamical equations of motion can be written as

�
�x � 2_y� 3x � x

r3
� a0cos3�

�y� 2_x�� y
r3
� a0cos2� sin�

(11)

The characteristic acceleration and attitude for a stationary solution
of r0 � 	 x0 y0 
T are given by8<

:
tan�0 � y0

x0

r3
0

1�r3
0

a0 � 1
cos2�

�����������������������������
1
r4
0

� 6
x2
0

r3
0

� 9x20

r (12)

If the cone angle is kept fixed, the dynamical equation in the local
neighborhood of r0 is obtained in the usual manner using an arbitrary
perturbation �r, such that r� r0 ��r. The variational equation is
obtained as

��x
��y

� �
� 0 �2

2 0

� �
�_x
�_y

� �
� �k1 �k2
�k2 �k4

� �
�x
�y

� �
� 0 (13)

where k1 �
3x2

0

r5
0

� 3 � 1
r3
0

, k2 � 3x0y0
r5
0

, k4 �
3y2

0

r5
0

� 1
r3
0

.

The characteristic equation can be given by

�4 �
�
1 � 1

r30

�
�2 �

�
� 3

r30
� 2

r60
� 9y20
r50

�
� 0 (14)

The eigenvalues and corresponding eigenvectors are dependent
on the solar sail parameters. For the equilibrium points in the right
half-plane, where r30 � 1=3 is satisfied, the discriminant of the

Fig. 3 Characteristic acceleration contour.

Fig. 4 Invariant manifolds for equilibrium points.
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characteristic equation is always positive. Therefore, two real roots
exist for the equation and they are labeled as �21;2. Using the
relationships between the roots and coefficients, the following
conclusions are drawn:8<

:
�21 � �22 � 1

r3
0

� 1 � 0

�21 � �22 �� 3
r3
0

� 2
r6
0

� 9y2
0

r5
0

� 0
(15)

It can be concluded that one positive and one negative root exist for
the system. Therefore, the fixed points in the xy plane have the linear
dynamic properties of saddles and have the linear spectrum

��� �!i � (16)

where � and ! are two positive numbers.
The structure of the invariant manifolds of a nonlinear system

Eq. (11) can be determined from the form of Eq. (16). There is a two-
dimensional center manifold upon which trajectories oscillate
around the fixed point with a frequency ! [30]. There is one stable
and one unstable manifold associated with each fixed point, and they
characterize the flow onto and away from the fixed point. The stable
and unstable manifolds in the vicinity of the fixed points are
determined by the corresponding eigenvectors, which can be given
by

�s � 1 s2�2�
�2�s4

�� �� s2�2�
�2�s4

� �
(17)

�s � 1 s2�2�
�2�s4

� � s2�2�
�2�s4

� �
(18)

where s2 and s4 are two real numbers.
Having the local stable and unstable manifolds, the global

manifolds are obtained in the following way. Take the stable
manifold of the artificial Lagrange point r0 � 	 x0 y0 
T , for
example. An initial state on the stable manifold is selected as

X i � 	 x0 y0 0 0 
T � " � �s (19)

where " is selected to guarantee that Xi is in the vicinity of the
equilibrium point.

The nonlinear dynamical equation is integrated from the initial
state backward in time. The cone angle �0 can be calculated from
Eq. (12). The local manifolds are calculated based on the cone
angle �0. However, the cone angle can be different from �0 when
the manifold is globalized. In this case, an attitude adjustment is
required at the matching point of the local and global manifolds.
Consequently, the passive cone angle of the solar sail is a free
parameter for the globalization of the invariant manifolds.

Figure 4a shows the stable and unstable manifolds for the points
requiring the sail characteristic acceleration of 4, that is, a0�
4�0:3416 mm=s2�. The manifolds are globalized by taking the cone
angle equal to�0. The invariant manifolds of a single point are shown
in Fig. 4b, where the manifolds are obtained by globalizing them
with different cone angles. The intersection points of the invariant
manifolds and a circular Earth orbit are also presented. It can be seen
that both the stable and unstable manifolds approach the Earth.
Therefore, the stable manifolds can be employed to design transfer
trajectories from the Earth orbits to the equilibrium points, and the
unstable manifolds can be used to design the trajectories from the
equilibrium points back to the Earth. However, the velocity of the sail
on themanifolds is different from that of the spacecraft on Earth orbit
at the intersection point. Therefore, either an impulse is applied on the
Earth orbit or the solar radiation pressure force is used tomake the sail
enter the stable manifold of the target point.

IV. Transfer Trajectory Design

In this section, two assumptions aremade for a deployed solar sail:
1) There is no chemical propulsion system for orbit maneuvers.
2) The attitude can be adjusted for orbit maneuver.

Two categories of transfer trajectories are investigated: transfer
trajectories from Earth orbits to equilibrium points and transfer
trajectories between equilibriumpoints. The transfer trajectoriesmay
include three different stages: Earth escape stage, active control
stage, and passive flying stage.

1) During the Earth escape stage, the solar sail uses solar radiation
pressure force to accelerate itself to escape from the Earth. The
optimal escape strategies in the two-body problem are investigated in
[12–14]. The normal of the solar sail is aligned along the direction in
which the energy increases fastest. In the Hill’s restricted three-body
problem, the derivative of the energy can be given by

_J� _VTV � �rU�TV (20)

Equation (20) can be simplified by substituting _V �rU� a into the
expression [12].

_J� aTV (21)

For a planar case, the velocity can be written as V�
V	 cos ~� sin ~� 
T ; then, the energy derivative is given by

_J� aTV � a0Vcos2��cos� cos ~�� sin� sin ~�� (22)

The optimal cone angle can be obtained by setting @ _J=@�� 0, given
by [31]

tan���3�
�����������������������
9� 8tan2 ~�
p

4 tan ~�
(23)

The sign in Eq. (23) is taken as the same as that of the velocity of the
sail along the x axis. Therefore, the optimal control law during the
first stage can be given by

(
tan�� �3�

��������������
9�8tan2 ~�
p
4 tan ~�

; _x > 0

tan�� �3�
��������������
9�8tan2 ~�
p
4 tan ~�

; _x � 0

(24)

2) During the active control stage, the cone angle of the sail is
adjusted to control the sail to achieve the desired orbit.

3) During the passive flying stage, the sail flies along the invariant
manifolds of equilibrium points and the sail cone angles are kept
fixed with respect to the rotating frame.

The design problem is converted into a parameter optimization
problem. The active control stage is divided into several segments
and the cone angle is kept fixed during each segment. Different
stages are incorporated to form a parameter optimization problem.
This method can avoid the difficulty of solving a two-point boundary
problem that occurs in the indirect method. In principle, this seems a
disadvantageous approach because the steering law will not be a
good approximation to the true optimal steering law. In fact, the
discrete control law provides a good approximation of the true
optimal law, especially for a proper number of discrete segments [9].

A. E-A Transfer Trajectories (Earth Orbits to Artificial

Lagrange Points)

For transfer trajectories from Earth orbits to the equilibrium point,
three different trajectories are discussed, as shown in Fig. 5.

1) E-A-I: An impulse is exerted on the sail to insert the sail into the
stable manifold of the target point before the sail deployment. No
Earth escape stage is required and the transfer time can be reduced
greatly.

2) E-A-II: To save energy, the sail can be deployed on an Earth
orbit and the solar radiation pressure force is used for Earth escape.
After escape, an active control stage is used to insert the sail into the
stable manifold of the target point. Then, the sail flies to the target
point along the stable manifold. To reduce the control effort, the
active control time should be as short as allowed. There is a special
case where no active stage exists. The sail enters the stable manifold
of the target point after escaping from the Earth.
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3) E-A-III: After escape, the active control is used to guide the sail
to the target point directly. The transfer trajectory does not include
passive flying stage. The transfer time during the active control stage
is minimized. This kind of transfer trajectory is compared with the
E-A-II transfer trajectory.

The E-A-II and E-A-III transfer trajectories include two phases:
the escape phase and the transfer phase from the escape orbit to the
target point. The Earth escape strategies for solar sailing have been
investigated by several authors [12–14], and their results show that
the local optimal control law generates a near minimum-time escape
strategy, which means that a minimum-time transfer phase from the
escape orbit to the target point will lead to a near minimum-time
mission trajectory. Therefore, we only need to design the minimum-
time transfer trajectory from the escape orbit to the target point. The
time-optimal interplanetary trajectory transfers using solar sails have
been investigated by different authors [8,10]. The direct method
discussed in the references is employed to solve the transfer
trajectory design problem here.

The following case is discussed: the spacecraft is launched into a
circular Earth orbit of altitudeH. The target point of themission is an
artificial Lagrange point r0 � 	 x0 y0 
T and the sail cone angle at the
point is �0. A characteristic acceleration of a0 of the sail is used to
achieve the transfer trajectory.

1. E-A-I Transfer Trajectory Design

For this transfer strategy, the key issue is to minimize the energy
required to insert the sail into the stablemanifold of the target point. If
the required impulse cost is too high, it is impractical or inefficient for
engineering. The merit of the strategy is that no active control is
required during the transfer journey from the escaped orbit to the
target point. The objective of the trajectory design is to reduce the
impulse cost asmuch as allowed. The impulse at the circular orbit can
be evaluated through an analytical method. If the solar sail flies to the
target point at a cone angle �s, the general energy constant of the sail
on the transfer trajectory can be written as

~J t �
�
� 1

r0
� 3

2
x20 � a0cos3�sx0 � a0cos2�s sin�sy0

�
(25)

where R� RE �H is the geocentric distance of the sail.
Assuming the coordinate at the intersection point is � xp yp �, the

general energy of the sail on the circular orbit at the intersection point
is given by

~J n ��
1

R
� 3

2
x2p � a0cos3�sxp � a0cos2�s sin�syp �

V2
n

2
(26)

where Vn is the velocity of the spacecraft on the circular orbit.
If the polar coordinates are used to describe the intersection

position, then we have xp � R cos f and yp � R sin f. The general
energy difference between the transfer trajectory and circular orbit is
obtained as

� ~J� ~Jt � ~Jn �
�
� 1

r0
� 3

2
x20 � a0cos3�sx0 � a0cos2�s sin�sy0

�

�
�

1

2R
� 3

2
R2cos2f� a0cos3�sR cos f

� a0cos2�s sin�sR sin f

�
(27)

The difference is determined by the cone angle �s and the polar angle
of the intersection point f. Actually, the polar angle is determined by
the cone angle, which means that there is only one free parameter in
the expression of the general energy difference. To analyze the
theoretical minimum of the difference, the two parameters can be
regarded as free parameters. The minimum can be obtained by

differentiating � ~J with respect to �s and f:

@� ~J

@�s
� 3a0cos

2�s sin�s�x0 � R cos f� � �2a0 cos�ssin2�s

� a0cos3�s��y0 � R sin f� � 0 (28)

@� ~J

@f
� 3R2 cos f sin f� a0cos3�sR sin f

� a0cos2�s sin�sR cos f� 0 (29)

The parametersminimizing� ~J can be solved from the two equations
with the consideration of��=2 � �s � �=2. The numerical method
should be employed because the two equations are too complex for
analytical methods. To avoid the numerical solution, the general
energy difference can be simplified by discarding small numbers. For
circular Earth orbits, the radius R is very small in dimensionless
units. Therefore, the general energy can be approximated as
~Jn �� 1

2R
, which is the same as the energy of a typical spacecraft in a

two-body problem. This approximation is reasonable, because the
gravity of the Earth is dominant near the Earth. Consequently, the
difference can be rewritten as

� ~J�
�
� 1

r0
� 3

2
x20 � a0cos3�sx0 � a0cos2�s sin�sy0

�
� 1

2R

(30)

The general energy difference is induced by the velocity difference at
the intersection point:

1

2
V2
t �

1

2
V2
n �� ~J (31)

The velocity of the sail at the intersection on the transfer trajectory
can be obtained as

Vt�
���������������������
2� ~J�V2

n

q

�

�������������������������������������������������������������������������������������������������������������
2

�
� 1

r0
� 3

2
x20 � a0cos3�sx0 � a0cos2�s sin�sy0�

1

R

�s
(32)

The impulse to compensate for the velocity difference is given by

�V � jVn � Vtj �
������������������������������������������������
V2
n � V2

t � 2VnVt cos 	
p

� Vn � Vt

�

���������������������������������������������������������������������������������������������������������������
2

�
� 1

r0
� 3

2
x20 � a0cos3�sx0 � a0cos2�s sin�sy0 �

1

R

�s

�
����
1

R

r
(33)

where 	 is the angle between Vn and Vt, and the minimal impulse is
reached if the directions of Vn and Vt coincide with each other.

E-A-I E-A-II 

E-A-III

Earth

Earth orbit

Target point
Escape stage

Active control stage

Earth

Earth orbit
Target point

V∆

Passive stage

Earth

Earth orbit

Target point

Passive stage

Escape stage

Active control stage

Fig. 5 Illustrations of three different E-A transfer trajectories.
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Fig. 6 Velocity increment for different cone angles and circular orbits.
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Figure 6 gives the theoreticalminimal impulse for different orbits and
cone angles. It can be seen that the cone angle does not change the
minimal impulse much. Therefore, the coincidence of velocity
directions is very important to obtain a small impulse.

The minimal impulse was analyzed above, and a numerical
method was used to validate the analytical results. Both Vt and the
position of the intersection point are determined by the cone angle �s
and the orbit altitudeH. Therefore, the impulse is a function of both
�s and H, which can be written as

�V � jVn � Vtj � F��s;H� (34)

The impulse�V can be minimized for a given altitude. A numerical
example is given here to analyze the minimal impulse required for
different altitudes. The characteristic acceleration of the sail isa0 � 4
(0:3416 mm=s2), and it can equilibrate at the target point r0 �
	 0:43818 0:08541756 
T when the cone angle is �0 � 0:2599 rad.
For different orbital altitudes, cone angles in three regions generate
stable manifolds that have intersection points with the circular orbits.
In each region, the impulse is minimized with respect to the cone
angle. Figure 7a gives the optimal cone angles for altitudes from 800
to 36,000 km, and the optimal cone angles are within regions (�0:8
�0:6), (0.2 0.5), and (0.8 1.4) rad, respectively. The optimal impulse
and corresponding transfer time in each region are given in Figs. 7b
and 7c, respectively. In the regions (�0:8�0:6) and (0.8 1.4) rad, the
impulse decreases with the altitude, and the optimal impulses in the
two regions are very close, with the impulse in region (�0:8 �0:6)
rad a little smaller. The results in region (0.2 0.5) rad are special; the
optimal impulses obey the rule of decreasing with the altitude when
the altitude is low, but disobey the rule as the altitude exceeds a
certain value. The optimal impulse is also the smallest among the
three regions for low orbits, which can be seen in Fig. 7b. This
happens because the angle betweenVn andVt in this region is always
large for high-altitude orbits. Figure 7c shows that the transfer times
in different regions are different. The region (0.8 1.4) rad requires a
transfer time less than 25 days. The (�0:8 �0:6) rad region requires
more than 90 days, and the (0.2 0.5) rad region requires a transfer
time between 25 and 90 days.

As we know, the optimizations of time and energy always conflict
with each other, and time reduction usually leads to energy increment
and vice versa. However, the conflict here is not very obvious. The
energy is nearly the same for the three regions, at least for low
altitude, but the time is widely divergent. The whole transfer
trajectories in Fig. 7d may explain why this happens. Directions of
Vn andVt being close to each other is a key factor in the reduction of
the impulse. Tomake this happen, trajectories have to circle the Earth
to seek the right intersection points,whichwastes a great deal of time.
From the point of viewof energy, the optimal impulse required for the
transfer can not be reduced too much because of the energy
difference between the target point and circular orbit. With the
consideration of time and energy, the cone angles in region (0.8 1.4)
rad are better. However, a large cone angle maneuver has to be
implemented before the sail is inserted into the equilibrium point,
because cone angles in this region are much larger than the angle at
the equilibrium point �0 � 0:2599 rad. Therefore, the (0.2 0.5) rad
region can be used when the altitude is low, with the consideration of
attitude adjustment.

For a given orbit altitude, the minimal velocity increment required
by the manifold method can be obtained. The theoretical minimum
considering the general energy difference can be calculated from
Eq. (33). The comparison between the two results is given in Fig. 8.
For low altitude, the numerical and analytical results are very close. It
means that the impulse vector and velocity vector of the spacecraft on
Earth orbit are always close to each other.

The Geostorm mission uses a solar sail to work at a sub-L1 point
for geostorm warning. The energy required to transfer the spacecraft
from the Earth orbit to the target point can be evaluated for both
typical spacecraft and solar sail. The energy requirements are
compared for both cases. The energy constant exists for a typical
spacecraft and the energy requirement is to compensate for the

energy difference between the target point and Earth circular orbit.
Similarly, the energy difference can be given by

�J� Jt � Jn �
�
� 1

r0
� 3

2
x20

�
�
�
� 1

2R
� 3

2
R2cos2f

�
(35)

The energy saved for solar sail transportation is the difference

between �J and � ~J, given by

�Js ��J �� ~J� a0cos3�sx0 � a0cos2�s sin�sy0
� a0cos3�sR cos f � a0cos2�s sin�sR sin f (36)

To arrive at the target point, the minimal departing velocity for the
direct transfer is given by

Vt �
����������������������
2�J� V2

n

p
�

�������������������������������������
2

�
1

R
� 1

r0
� 3

2
x20

�s
(37)

The minimal velocity increment at the circular orbit is obtained if it
is applied along the direction of circular orbit, which can be written
as

�V � Vn � Vt �

�������������������������������������
2

�
1

R
� 1

r0
� 3

2
x20

�s
�

����
1

R

r
(38)
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Fig. 8 Minimal velocity increments for different methods.
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Combination of Eqs. (33) and (38) generates the velocity increment
saved at the departing points:

�vs �

�������������������������������������
2

�
1

R
� 1

r0
� 3

2
x20

�s

�

����������������������������������������������������������������������������������������������������������
2

�
1

R
� 1

r0
� 3

2
x20 � a0cos3�sx0 � a0cos2�s sin�sy0

�s
(39)

The maximal value of the saved velocity increment is easily
obtained from Eq. (39). The characteristic acceleration of the sail is
determined by the target point. It can be concluded that the velocity
increment saved depends only on the target points. Figure 9 gives
the velocity increment saved from different circular orbits to
different target points. For the points that are far from the Earth, the
solar sail transfer methods can save hundreds of meters per second
velocity increment. Therefore, for near-Earth artificial Lagrange
point missions, direct transfer is favorable to solar sail transfer with
the consideration of safety and reliability. However, the solar sail
transfer is much superior for far points with respect to energy
consumption.

2. E-A-II Transfer Trajectory Design

Solar sails can be used for propellantless propulsion, which is the
reason Tsiolkovsky proposed it about a century ago and alsowhy it is
still in favor today. For E-A-II transfer trajectories, the solar radiation
pressure force is used to escape from the Earth, and the local optimal
escape strategy is employed to generate the escape control law. There
are two free parameters for the escape stage: the position of the sail
deployment on the Earth orbit that is described by f, and the escape
time ta. For the active control stage, the trajectory is discretized inton
segments. The design parameters are cone angles during each
segment�i�i� 1 . . . n� and the time span of this stage tc. The passive
flying stage has two parameters: the cone angle�s and the flying time
ts. This stage is integrated backward in time from the local stable
manifold of the target equilibrium point. The final states of the active
control stage and passive flying stage match at a point on the stable
manifold. The defect of the two states at the matching point being
zero is the constraint �� 0. The optimization parameters of the
problem are given by [9]

Y � 	 f ta �1 . . . �n tc �s ts 
T (40)

The constraint at the matching point is given by

� �Y� � 0 (41)

Two kinds of objective functions are chosen to solve the transfer
trajectory problem, the time span of the active control stage for the
first kind and the total transfer time for the second kind, given by

Fobj � tc (42)

Fobj � tc � ts (43)

The augmented Lagrange method is used to convert the constrained
optimization problem into an unconstrained one [31]. The objective
function for the unconstrained optimization problem can be written
as

F0obj � Fobj � �T��Y� �
1

2
cj��Y�j2 (44)

where c is a positive number.
If the result of the kth optimization is Yk and the corresponding

Lagrange multiplier is �k, the Lagrange multiplier for the next
optimization can be taken as

� k�1 � �k ��c�Yk� (45)

The special case is that the transfer trajectory includes only two
stages: the escape stage and the passive flying stage. The sail enters

the stable manifold after the escape stage. The final state of the
escape stage and the initial state of the passive flying stage match at a
point. The matching defect being zero is the constraint of the
optimization problem. In this case, the trajectory design parameters
can be given by

Y � 	 f ta �s ts 
T (46)

The form of the constraint can be described by Eq. (41), which
includes four equation constraints, two for position and two for
velocity. Therefore, the number of free parameters is the same as the
number of constraints. It is more appropriate to describe the problem
as algebraic nonlinear equation solving than parameter optimization,
because there is no space for optimization. The optimization process
is used here because the violation of the constraints is allowed and
the value of violation is suppressed, keeping it as small as allowed.
Similarly, either the constrained optimization problem or nonlinear
equation solving is converted into an unconstrained optimization
problem.

3. E-A-III Transfer Trajectory Design

Similarly, the active stage is discretized and the attitude during
each segment is kept fixed. The sail is guided to the target point
directly and no passive stage is used here. The whole trajectory is
integrated forward in time and the state error of the sail at the target
point being zero is the constraint. To compare different methods, the
E-A-II and E-A-III transfer trajectories are designed with the same
condition. Therefore, the initial point and the target point are the
same with those of the E-A-II transfer trajectory. Only the control
time and attitude history are designed here. The optimization
parameter vector is given by

Y � 	�1 . . . �n tc 
T (47)

The constraint and objective function are given by Eqs. (41) and (42),
respectively.

4. Simulations

A solar sail of characteristic acceleration a0 � 4 (0:3416 mm=s2)
is used to achieve a mission at the target point r0�
	 0:43818 0:08541756 
T . The sail is in the geosynchronous orbit
at the initial time. Different cases of transfer trajectories are designed
here. The simulations are conduct in the following way:

Table 2 Design parameters for the no active stage

of E-A-II transfer trajectory

Design parameters Value

Escape time, day 255.0120
Passive flying time, day 11.3169
Cone angle, rad �0:8908
Position error at matching point, m 223.5
Velocity error at matching point, m=s 5:3e � 5

-0.1 0 0.1 0.2 0.3 0.4 0.5
-0.1

-0.05

0

0.05

0.1

x (dimensionless)

y 
(d

im
en

si
on

le
ss

)

Fig. 10 Transfer trajectory for special case of E-A-II.
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1) First, the transfer trajectory including only the escape stage and
the passive flying stage, labeled as E-A-II special case, is designed.
The optimized sail deployment position is at a polar angle of f�
3:5643 rad. After sail deployment, it takes the sail about 4.3868
dimensionless time (255.0120 days) to enter the passive flying stage.
During the passive flying stage, the sail flies along the stable
manifold with a cone angle of �0:8908 rad and arrives at the target

equilibrium point after 0.1947 dimensionless time (11.3169 days).
The position and velocity errors at the matching point are very small.
The values of the design parameters in the international system of
units are given in Table 2. The whole transfer trajectory is shown in
Fig. 10.

2) The E-A-III and general cases of E-A-II transfer trajectories
are designed. To compare the results of different methods, the
sail is deployed at the same point for different methods, f� 3:5643
rad. After deployment, the sail flies 4.1 dimensionless time
(238.3373 days) to a point in the final loop of the escape trajectory,
which is selected to be the start point of the transfer phase from the
escaped orbit to the target point. Therefore, the design problem of
the whole transfer trajectory turns into a design problem of transfer
trajectory between two fixed points. Three cases of transfer tra-
jectories are designed here: two cases of E-A-II transfer trajectories
minimizing tc and tc � ts, respectively, and one case of E-A-III
transfer trajectory. All the transfer trajectories include an active
control stage that is discretized into segments. To investigate the
influence of the number of the discrete segments on the optimization
objective function, the optimized results of different segments are
presented. Usually, a small number of segments cannot generate
good results, and a large number requires more attitude maneuvers.
Therefore, the number of segments should be chosen properly to
make the active control time close to true minimum but not too large
for operation. The optimized results of three cases are shown in
Figs. 11–13, respectively. The position defect is less than 10 m and
velocity defect is less than 1 m=s for each optimization.

For the E-A-III transfer trajectories, active control is used during
the whole journey. A near minimum-time transfer trajectory is
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Fig. 11 Control law of E-A-III transfer trajectories.
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achieved using direct method [9]. The results show that the transfer
time is almost independent of the number of segments, decreases
very slowly as the number increases. It means that only a small
number will generate a near minimum-time result. For example, the
transfer time difference between 4-segment and 10-segment transfer
trajectories is about several hours. The cone angle history shows that
the angle increases slowly at the beginning of the journey and
decreases steeply at the end of the journal.

For E-A-II transfer trajectories minimizing tc, the active control
time is almost independent of the number of segments. The
difference of active control time between 4-segment and 10-segment
trajectories is about several hours. However, the number of segments
influences the total transfer time greatly. For transfer trajectories
whose segments are less than 5, the total transfer time is much larger.
As shown in Fig. 12, for a typical 4-segment trajectory, the stable
manifold of the target point circles around the Earth for a loop before
arrival at the target point. The transfer trajectories whose segments
are more than 5 are very similar. A typical 6-segment transfer
trajectory can be described as follows: after escape, it takes 0.2886
dimensionless time (16.7766 days) to control the sail entering the
passive flying stage. Then, the sail flies along the stable manifold
with a cone angle of �0:8990 rad, and arrives at the target point in
0.1924 dimensionless time (11.1844 days).

For E-A-II transfer trajectories minimizingtc � ts, similarly, the
transfer time is almost dependent of the number of segments. The
increase of the number of segments generates a very small reduction
in transfer time. The transfer trajectory converges to an E-A-III
transfer trajectory when the number of segments is more than 4,
which means that the passive flying time tends to zero.

From above results we know that the parameters of the transfer
trajectories are almost independent of the number of segments when
it is larger than 5. Therefore, different cases of 6-segment transfer
trajectories are compared with the E-A-II special transfer trajectory,
as shown in Fig. 14. The following conclusions can be drawn:

1) The total transfer time of different transfer trajectories is
insensitive to different objective functions. The total transfer time is
close and the differences between different transfer trajectories are
several hours.

2) The active control time of E-A-II special case and E-A-II
minimizing tc is the smallest among all cases. These two kinds of
transfer trajectories are similar in terms of both total transfer time and
active control time. The difference is that E-A-II uses a continuous
control law, while E-A-II minimizing tc uses a discrete control law
during the active control stage.

3) TheE-A-II special case generates a nearminimum-time transfer
trajectory, though the transfer time is not optimized. It means that the
local optimal control law is still a good approximation to aminimum-
time control law.

4) The passive flying time of E-A-II minimizing tc � ts converges
to zero. It means that E-A-II minimizing tc � ts is equivalent to an
E-A-III transfer trajectory.

5) From the comparison results, we know that the total transfer
time is close for all transfer trajectories. Therefore, the transfer
trajectory including the longest passive flying time is favorable. The
E-A-II minimizing tc is one of these transfer trajectories.

B. A-A Transfer Trajectories (Artificial Lagrange Points to Artificial

Lagrange Points)

For the transfer trajectories between equilibrium points, no
chemical propulsion is used. The invariant manifolds of both initial
and target points are used to design the transfer trajectories. There are
three kinds of different transfer trajectories, as shown in Fig. 15.

1) A-A-I: The sail departs from the initial point along its unstable
manifold. The active control is triggered at the end of the passive
stage. Then, the attitude is adjusted tomake the sail arrive at the target
point.

2) A-A-II: The sail is controlled to enter the stable manifold of the
target point. The sail flies to the target point along its stable manifold
with a fixed cone angle.

3) A-A-III: There is no active control stage for the A-A-III transfer
trajectory. The sail departs from the initial point along the unstable
manifold and flies to the target point along the stable manifold. One
stable manifold of the initial point matches one unstable manifold of
the target point at a point.

A-A-I A-A-II 

Passive stage
Active control stage

Initial point
Target point

Passive stage

Active control stage

Initial point
Target point

Passive stagePassive stage

Initial point
Target point

Fig. 15 Illustrations of three different A-A transfer trajectories.

Table 3 Design parameters for A-A-I and A-A-II cases

Design parameters A-A-II A-A-I

Active control time, day 30.70353 67.82602
Passive flying time, day 190.71881 156.82814
Passive cone angle, rad 1.01648 �1:32465
Position error, m 1.98505 0.32485
Velocity error, m=s 3:03708e � 7 2:07381e � 6
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1. A-A I and A-A II Transfer Trajectory Design

Both A-A-I and A-A-II transfer trajectories include an active
control and a passive flying stage. The transfer trajectories
minimizing the active control time are discussed. Similarly, the
design problem is converted into a parameter optimization problem.
The active control stage is discretized into n segments. During each
segment, the cone angle isfixed constant,�i�i� 1 . . . n�, and the time
span of this stage is tc. The passive flying stage has two parameters:
the passive cone angle �p and flying time tp. For A-A-I transfer, the
passiveflying stage is integrated backward in time. The final states of
the two stagesmatch at some point on the stablemanifold of the target
point. The defect of the two states at the matching point being zero is
the constraint. For A-A-II transfer, the whole trajectory is integrated
forward in time and the state error of the sail at the target point being
zero is the constraint. For both cases, the optimization parameters of
the problem are given by

Y � 	�1 . . . �n tc �p tp 
T (48)

The constraint of the problem is given by

� �Y� � 0 (49)

The objective function is chosen to be the time span of the active
control stage, which is given by

Fobj � tc (50)

Similarly, the optimization problem is converted into an un-
constrained optimization problem by introducing the Lagrange
multiplier.

A solar sail of a0 � 4�0:3416 mm=s2� can equilibrate at points
r1 � 	 0:506197 0:246217 
T and r2 � 	�0:523499 0:682477 
T
with different cone angles. Both A-A-I and A-A-II transfer tra-
jectories from r1 to r2 are designed here. Table 3 gives the values of
the optimized parameters. The whole transfer trajectory and active
control law are given in Figs. 16a and 16b, respectively.

From the optimization results we find that the total transfer time of
the two cases is very close. The active control time of A-A-II is much
shorter than that of A-A-I. Therefore, A-A-II transfer trajectory takes
advantages over A-A-I transfer trajectory with respect to minimizing
active control time. For engineering practice, the active control is
always necessary because of all kinds of perturbations and model
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Fig. 18 Symmetrical transfer trajectories between symmetrical points.

Table 4 Parameters for transfer 1

Orbit number Cone angle for unstable
manifold, rad

Flying time for unstable
manifold, day

1 �0:064445 23.71203
2 �1:10971 22.00428
3 0.84796 28.91660

Table 5 Parameters for transfers 1, 2, and 3

Orbit number Cone angle for unstable
manifold, rad

Flying time for unstable
manifold, day

1 �0:064445 23.71203
2 �0:73157 24.74478
3 0.98922 73.19220
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errors. In this point of view, A-A-I is more practical than A-A-II
because the errors caused by passive flying stage can be corrected
during the active control stage.

2. A-A-III Transfer Trajectory Design

In this section, the transfer trajectories including two passive
stages are investigated. The unstable manifolds of the initial point
and stable manifolds of the target point are matched to form transfer
trajectories. The sail departs from the initial point along the unstable
manifold and enters the stable manifold of the target point directly at
the end of the unstable manifold stage.

a. Symmetrical Transfer Trajectories Between Symmet-
rical Points. In Hill’s restricted three-body problem, if
� x y _x _y t � � is one solution to the dynamical
equations, the symmetrical solution with respect to the x axis
� x �y � _x _y �t �� � exists. According to this symmetry,
the symmetrical transfer trajectories between symmetrical points can
be developed. Symmetrical points 	 x0 y0 
 and 	 x0 �y0 
 are of the
same requirement on the solar sail characteristic acceleration. The
stable manifolds of 	 x0 y0 
 and unstable manifolds of 	 x0 �y0 

are symmetrical with respect to the x axis and vice versa. In addition,
the trajectory of a solar sail departing from 	 x0 y0 
 with a cone
angle �0 and the trajectory of a sail from 	 x0 �y0 
 with angle ��0
going backward in time are symmetrical with respect to the x axis. If
one trajectory has an intersection point with the x axis, the other will
have the same intersection point with the x axis. Further, if the
velocity of the sail along the x axis is zero, the velocities of the
symmetrical trajectories coincide with each other at the intersection
point and the two symmetrical trajectories are therefore matched
smoothly. Thus, the trajectory design is to find a passive flying
segment that has a zero velocity along the x axis when passing
the x axis.

When the manifolds are globalized, the cone angle is regarded
as a free parameter. Taking y� 0 as a Poincare section, the relation
between the cone angle and the velocity along the x axis on the
Poincare section can be obtained. For some cone angles, the
manifolds may intersect with the Poincare section several times. To
separate the transfer trajectories that intersect with the Poincare
section for different times, the trajectory intersecting the Poincare
section for the nth time during one passive flying stage is labeled as

transfer n. If there are k trajectories of transfer n, they are labeled as
transfer ni �i� 1 . . . k�, respectively.

Figure 17 shows the cone angle and velocity along the x axis on the
Poincare section, where 17a gives the panoramagram of the
intersection parameters. It shows that the trajectory has at least one
intersection point with the x axis when the sail flies with different
cone angles. The sail intersects with the x axis for the second and
third times for most cone angles. Figure 17b shows the local regions
where vx passes through zero. For transfer 1, three cone angles exist
for passing through the Poincare section with a zero velocity along
the x axis, two angles for transfer 2, and one angle for transfer 3. The
simulation shows that transfers 4 and 5 also exist. The method of
bisectionwillfind the passing-zero point. The trajectories of transfers
11, 12, and 13 are shown in Fig. 18a and the corresponding transfer
parameters are given in Table 4. The transfer time of three trajectories
is close, though the distances of travel are greatly different. Orbit 11 is
the shortest in distance of travel, but the travel time is longer than that
of orbit 12. As discussed above, the cone angle has to be adjusted
from the current value to its counterpart at the intersection point to
make the sail enter the second passive flying stage. The quantity of
the attitude adjustment increases with absolute value of the cone
angle. Consequently, orbit 11 is superior to the others with the
consideration of attitude adjustment. Figure 18b shows the transfer
trajectories intersectingwith the x axis for different numbers of times.
The corresponding parameters are given in Table 5. The transfer
times of orbits 1 and 2 are close, and the time of orbit 3 is much
longer, because the sail circles around the Earth for about three loops.
This kind of transfer orbit can be used to collect data or send data in
the vicinity of the Earth before or after working at the artificial
Lagrange point.

b. Passive Transfer Trajectories for General Cases. The
symmetrical transfer trajectories are obtained by checking the
symmetry of the dynamical equation. This section investigates
the transfer trajectories for general cases. Similarly, the whole
transfer trajectory is divided into two passiveflying stages. The stable
manifold of the initial point and unstable manifold of the target point
are matched at some point that may not be on the x axis, which is
different from the symmetrical trajectory. It is difficult to prove the
existence of the solution or how many solutions exist. We can only
use the numerical method to check if the solution exists. The
parameter optimization method is employed here to obtain the
transfer trajectory. For each passive flying stage, the cone angle and
flying time can be optimized. Therefore, the optimization parameters
can be given by

Y � 	 ts �s tu �u 
T (51)

The stablemanifold stage is integrated backward in time and the final
states of the two stages are matched at some point. Therefore, the
position and velocity errors at the matching point are optimized to be
minimal. The optimization object function is given by

Fobj � �T��Y� �
1

2
cj��Y�j2 (52)

If the optimal result is zero, the transfer trajectory between two points
exists. If we can not find a solution, strictly speaking, it can not be
concluded that the solution does not exist. More important, the
problem is dependent on the mission transfer trajectory. No solution
exists for some transfer trajectories, while multisolutions exists
for others. We know that the transfer trajectories between two
symmetrical points exist (at least a symmetrical transfer trajectory).
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Fig. 19 Different transfer trajectories between two points.

Table 6 Parameters for different transfer trajectories between two points

Case Cone angle for unstable
manifold, rad

Cone angle for stable
manifold, rad

Flying time for unstable
manifold, day

Flying time for stable
manifold, day

A -0.017991 0.018010 25.31118 25.31118
B 0.57506 -1.07935 25.40159 34.69829
C 0.77787 1.39524 107.51209 83.98453
D 0.82263 -1.30536 92.58937 89.62505
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Here, an example of the transfer trajectories between two
symmetrical points is given. In the simulation results, if the errors
can be reduced below the specified tolerance, the obtained trajectory
is regarded as the transfer trajectory. The position tolerance is set to
10 m and the velocity tolerance is 0:1 mm=s.

The characteristic acceleration of the solar sail is a0 � 4
�0:3416 mm=s2�, and the transfer trajectories between different
points are designed to have the same characteristic acceleration
requirement on the sail. In simulation for transfer trajectories
between symmetrical points, the initial and target points are
determined by x0 � 0:43818 and are symmetrical with respect to the
x axis. Different transfer trajectories with different flying times are
shown in Fig. 19. The trajectory of case A is a symmetrical one that
can be obtained according to the symmetry of the equation, and the
others are unsymmetrical transfers. The trajectory of case B looks
like a symmetrical one and the parameters in Table 6 show that both
the cone angle and time are unsymmetrical. The trajectories of cases
C and D are very similar, and both circle around the Earth for several
loops. The transfer time is much longer for the two cases. It can be
found that circling around the Earth for one loop takes about 0.4
dimensionless time (23.25 days).

3. Tour Mission Design

It can be found from Fig. 2 that a solar sail can be equilibrated at
different points. It is possible for a sail towork at different points that
have the same requirement on the sail characteristic acceleration. A
tour mission around the Earth is designed: the sail works at an
artificial Lagrange point in the first quadrant in the xy plane for some
time; then it travels to a point in the second quadrant for another
mission, and then it travels to a point in the third quadrant after the
mission at point 2. Finally, it travels to point 4 in the fourth quadrant
and returns to the initial point 1, as shown in Fig. 20. In this tour
mission, the sail travels around the Earth for several loops and works
at four different places in each directionwith respect to the sun–Earth
line. In this mission design, both the symmetrical and unsymmetrical
transfer trajectories are adopted here. The transfer trajectories from
points 2–3 and from points 4–1 are symmetrical trajectories between
symmetrical points. The trajectories of points 1–2 and 3–4 are
unsymmetrical ones obtained by the optimization method. The two
trajectories are symmetrical with respect to the x axis, where the
unstable manifold of point 4 and the stable manifold of point 1 are

symmetrical, and the stable manifold of point 2 and the unstable
manifold of point 3 are symmetrical. Consequently, the whole
transfer trajectory is symmetrical with respect to the sun–Earth line.
The transfer time and cone angles for each segment are given in
Table 7.

Different transfer trajectories have been described above. The
common aspect of different transfer trajectories is that the manifold
of the artificial Lagrange point is used for each case. The difference is
whether active control or impulse is required during the transfer
journey. These transfer trajectories can be regarded as reference
trajectories for certain missions. Transfer trajectories from Earth
orbits to artificial Lagrange points can be used for a solar sail
demonstration mission. This kind of trajectory is suitable for solar
sail demonstration because the sail flies passively and no active
control is required during the transfer journey. The sail is deployed
after being inserted into the stable manifold of an equilibrium point.
During the journey, the solar radiation pressure force can be tested. If
the sail arrives at the target point successfully, the active control of the
solar sail can be tested using the transfer trajectories between
different points. As we know, active control is always a challenge for
solar sails. Because these transfer trajectories require a short active
control time, they are also useful because the solar sail technology is
mature for application.

V. Conclusions

In this paper, a new concept of invariant manifolds associated with
solar sails is proposed. For artificial Lagrange points in the vicinity of
the Earth, one stable manifold and one unstable manifold exist. The
invariant manifolds were used to design transfer trajectories. For
transfer trajectories from Earth orbits to the equilibrium points, three
kinds of trajectories are investigated. For transfer trajectories
requiring impulses, the energy is calculated and compared with that
required by a transfer using chemical propulsion. Tens to hundreds of
meters-per-second velocity increments can be saved depending on
target points. For transfer trajectories without impulses, different
objective functions are used to design the transfer trajectories. The
comparison of different results shows that the total transfer time is
insensitive to the objective functions. For the transfer trajectories
between artificial Lagrange points, three different transfer
trajectories were investigated. The transfer time of the active stage
is minimized using a direct shooting method. The active stage can be
removed for some special cases. The whole transfer trajectory
consists of two passive stages. These kinds of transfer trajectories can
be obtained by an optimization method. In particular, symmetrical
transfer trajectories with respect to the sun–Earth line between
symmetrical points are obtained using the symmetry of the
dynamical system.
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